Abstract. We provide a complete classification of the possible cofinal structures of the families of precompact (totally bounded) sets in general metric spaces, and compact sets in general complete metric spaces. Using this classification, we classify the cofinal structure of local bases in the groups C(X, R) of continuous real-valued functions on complete metric spaces X, with respect to the compact-open topology.
Introduction and related work
A subset C of a partially ordered set P is cofinal if, for each element p ∈ P , there is an element c ∈ C with p ≤ c. The cofinality of a partially ordered set P , denoted by cof(P ), is the minimal cardinality of a cofinal subset of that set. We identify the cofinality and, moreover, the cofinal structure of the family of precompact sets in general metric spaces, and the family of compact sets in general complete metric spaces. We apply our results to compute the character of the topological groups C(X, G) of continuous functions from a complete metric space X to a group G containing an arc, equipped with the compact-open topology. These extend results obtained earlier for metric groups [4] .
The cofinal structure of the family of precompact sets in Polish spaces was identified by Christensen [5, Theorem 3.3] . Van Douwen [6] computed the cofinality of the partially ordered set of compact sets, and the character of the diagonal sets [6, Theorem 8.13(c) ], for certain classes of separable metric spaces. Using van Douwen's results, Nickolas and Tkachenko [16, 17] computed the character of the free topological groups F (X) and free topological abelian groups A(X) over the spaces X considered by van Douwen. Independently of the present work, and concurrently, Gartside and Mamatelashvili [11, 12, 13] considered the cofinalities and the cofinal structure of the partially ordered sets of compact sets for various spaces. For non-scattered totally imperfect separable metric spaces, and for complete metric spaces of uncountable weight less than ℵ ω , they identified the exact cofinal structures of families of compact sets. The results of the paper cover all complete metric spaces.
For functions f, g ∈ N N , define f ≤ g if f (n) ≤ g(n) for all natural numbers n. For a topological group G, let N (G) be the family of neighborhoods of the identity element in G. An N N -base (also known as G-base) of a topological group G is the image of a a monotone cofinal map from (N N , ≤) to (N (G), ⊇). The notion of N Nbase has recently attracted considerable attention [3, 4, 8, 9, 10, 14, 15] . Gabriyelyan, Kąkol, and Leiderman [9] apply Christensen's result to prove that, for Polish spaces X, the topological groups C(X, R) have N N -bases. Subsequently, Leiderman, Pestov and Tomita [14] proved that, for collectionwise normal (e.g., paracompact) spaces X, the character of the topological group A(X) is determined by the character of the diagonal set in the square X × X. A topological space is a k-space if every set with compact traces on all compact sets is closed. Lin, Ravsky, and Zhang [15] provide an inner characterization of topological spaces such that the free topological group F (X) is a k-space with an N N -base. Banakh and Leiderman [1] investigated various kinds of free objects of topological algebras with an N N -base over separable, σ-compact, and metrizable spaces.
A k-space X is a k ω -space if it has a countable cofinal family of compact sets. The weight of a topological space is the minimal cardinality of a basis of that space. The compact weight of a topological space is the supremum of the weights of its compact subsets. Let P and Q be partially ordered sets. We write P Q if there is a monotone cofinal map ψ : P → Q. Two partially ordered sets P and Q are cofinally equivalent, denoted by P ≈ Q, if P Q and Q P . For a set X, let Fin(X) be the set of finite subsets of the set X. The family Fin(X) N is the set of functions f :
for all natural numbers n. Since the partially ordered sets . Let X be a nondiscrete k ω -space of compact weight κ, and A(X) be the free abelian topological group over X. Then N (A(X)) ≈ Fin(κ) N . In particular, the group A(X) has a Fin(κ) N -base.
Let X be a metric space. Let PK(X) be the family of precompact sets in the space X. The space X is locally precompact if every point in X has a precompact neighborhood.
The density of a topological space X, denoted by d(X), is the minimal cardinality of a dense subset. The local density [4] of a topological group G, denoted by ld(G), is the minimal density of a neighborhood of the identity element (or, by homogeneity, any other group element). Each item in the following theorem implies the subsequent one. . Let G be a metrizable group that is not locally precompact.
(1) Let H be a clopen subgroup of the group G, of density ld(G).
A partially ordered set P is Tukey-finer than a partially ordered set Q [20] if there is a map from the set P into the set Q carrying cofinal sets in P into cofinal sets in Q. Partially ordered sets P and Q are Tukey-equivalent if each of these sets is Tukeyfiner than the other one. The notion of cofinal equivalence used here is stronger than Tukey-equivalence. For our purposes, cofinal equivalence is also simpler. Of course, Tukey-equivalence has its advantages. Let G be a topological group such that there is a cofinal family B in N (G) with B ≈ Fin(κ)
N . This property may be insufficient for cofinal equivalence between N (G) and Fin(κ) N as defined here, but it is sufficient for Tukey equivalence. Readers more interested in Tukey equivalence may use this notion, instead of cofinal equivalence, throughout the paper.
Precompact sets
2.1. Preparations. Definition 2.1. Let X be a metric space, and ǫ be a positive real number. A set D ⊆ X is an ǫ-subgrid if the ǫ-balls centered at the points of the set D are pairwise disjoint. An ǫ-grid is a maximal ǫ-subgrid. A set is a (sub)grid if it is an ǫ-(sub)grid for some positive real number ǫ.
Lemma 2.2.
(1) Every intersection of a precompact set and a subgrid is finite.
(2) Every nonprecompact metric space contains an infinite grid.
Proof.
(1) It follows from the definition of precompact sets.
(2) Let X be a nonprecompact metric space. Let ǫ be a positive real number such that the space X cannot be covered by finitely many ǫ-balls. Let D be an ǫ 2 -grid in X. Then the family { B(x, ǫ) : x ∈ D } covers the space X. Thus, the set D is infinite. Definition 2.3. A σ-(sub)grid in a metric space X is a family D = n∈N D n such that, for each natural number n, the set D n is a 1/n-(sub)grid containing the set D n−1 . Lemma 2.4. Every σ-subgrid in a metric space X has cardinality at most d(X). In particular, every σ-grid in a metric space X has cardinality d(X).
Proof. If d(X) < ℵ 0 , then the space X is finite. Thus, we assume that d(X) ≥ ℵ 0 . Let D = n∈N D n be a σ-subgrid. For each natural number n, the set D n is a subgrid, and thus |D n | ≤ d(X). It follows that
If the set D is a σ-grid, then it is dense, and thus |D| = d(X).
Proposition 2.5. Let X be a nonprecompact metric space. Then PK(X) Fin(d(X)).
Proof. Let D = n∈N D n be a σ-grid. By Lemma 2.4, we have |D| = d(X). Thus, it suffices to find a monotone cofinal map ψ : PK(X) → Fin(D).
Since the metric space X is not precompact, by Lemma 2.2(2), there is a countably infinite subgrid { x n : n ∈ N }. For each set P ∈ PK(X), let n(P ) be the maximal natural number such that x n(P ) ∈ P , or 1 if there is no such number. Consider the map
By Lemma 2.2(1), the map ψ is well defined. Since the sets D n increase with n, the map ψ is monotone. The map ψ is cofinal: For a set F ∈ Fin(D), let n be a natural number with F ⊆ D n . Then the set P := F ∪ {x n } is precompact, and F ⊆ ψ(P ).
2.2.
Metric spaces with a locally compact completion. If the completion of a metric space is locally compact, then the space is locally precompact. The converse implication fails. Indeed, local compactness is not preserved by metric completions: The hedgehog space J(ℵ 0 ) [7, Example 4.1.4] is not locally compact, but it is the completion of its locally compact subspace J(ℵ 0 ) \ {0}. Theorem 2.6. Let X be a nonprecompact metric space with a locally compact completion. Then PK(X) ≈ Fin(d(X)).
Proof. By Proposition 2.5, it remains to prove that Fin(d(X)) PK(X).
Let D be a dense subset of the space X, of cardinality d(X). Let B be the family of compact balls of rational radii in the completion that are centered at D. The closure of every precompact subset of X in the completion is compact, and thus is covered by finitely many elements of the family B: Fix a point x ∈ X. There is a compact ball B in the completion that is centered at the point x. Since the set D is dense in the completion, there is a ball of rational radii that is centered at some point of D, containing the point x, whose closure is contained in the ball B.
Since |D| = d(X), we have |B| = d(X), and the union map,
is monotone and cofinal.
2.3.
Metric spaces whose completion is not locally compact.
Definition 2.7. For an infinite cardinal number κ, let Bdd(Fin(κ) N ) be the set of the bounded functions in the set
Lemma 2.8. For cardinal numbers κ of uncountable cofinality, we have
Definition 2.9. Let X be a topological space. The local density of a point x ∈ X, denoted by ld(x), is the minimal density of a neighborhood of the point x. The local density of the space X, denoted by ld(X), is the supremum of the local densities of the points of X. The local density of the space X is realized if there is a point x ∈ X such that ld(x) = ld(X).
Theorem 2.10. Let X be a metric space whose completionX is not locally compact.
(1) If the local density of the completion is not realized, then
(2) If the local density of the completion is realized, or its cofinality is uncountable, then
We prove Theorem 2.10 using a series of Lemmata.
Lemma 2.11. Let X be a nonprecompact metric space with the completionX.
If the local density of the completion is not realized, then
(1) If the completionX is locally compact, then the assertion follows from Theorem 2.6. Thus, assume that the completion is not locally compact. The completion of the space X with respect to an equivalent bounded metric is equal toX. Since density and local density do not depend on the metric, we assume that the metric of the space X is bounded. For each point x ∈ X, let r x be the maximal radius such that
Since the sets x∈F i −1
x [f (n)] are finite for all natural numbers n, the set ψ(F, f ) is precompact. Thus, the map ψ is well defined. By the definition, the map ψ is monotone.
Every precompact set in the space X is covered by finitely many balls B(x, r x ) centered at the points of D: For a ball B(x, r) in the space X, letB(x, r) be the corresponding r-ball in the completion. Since the closure of each precompact set in the completion is compact, it is enough to show that the family {B(x, r x ) : x ∈ D } is a cover ofX: Fix a pointx ∈X. Let U be an open neighborhood ofx, of density ld(x). There are a point x ∈ D ∩ U, and a positive real number r such thatx ∈B(x, r) ⊆ U.
The map ψ is cofinal: Let P be a precompact set in X. By the above, there is a finite set F ⊆ D such that P ⊆ x∈F B(x, r x ). For each natural number n, there is a finite set
(2) We make the following modifications in the proof of the first item: Fix a point x ∈ X. Let r x be the supremum of the radii r such that d(B(x, 2r)) < ld(X). Then d(B(x, r x )) < ld(X). Let ψ be the map defined in (1). Let P be a precompact set in the space X, F ⊆ D be a finite set such that P ⊆ x∈F B(x, r x ), and κ := max{ im[i x ] : x ∈ F }. Then κ < ld(X), and the function f ∈ Fin(ld(X)) N , defined in the proof of (1), is bounded by κ.
Lemma 2.12. Let X be a metric space, and x be a point in the completion with no compact neighborhood. Then PK(X) Fin(ld(x)) N .
Proof. Assume first that the local density of the completion is countable. If ld(x) is finite, then x is an isolated point in the completion, and then the point x has a compact neighborhood, a contradiction. Thus, ld(x) = ℵ 0 . Let { U n : n ∈ N } be a decreasing local base in the completion at the point x such that d(U n ) = ℵ 0 for all natural numbers n. For each natural number n, the set U n ∩X is nonprecompact, and by Lemma 2.2(2), there is a countably infinite grid D n in the set
By Lemma 2.2(1), the map ψ is well defined. Fix a function f ∈ n∈N Fin(D n ). Let P := n∈N f (n). For each positive real number ǫ, the set P \ B(x, ǫ) is finite. Thus, the set P is precompact, and f ≤ ψ(P ). The map ψ is cofinal. We have
Next, assume that the local density of the completion is uncountable. Pick a point y in the completion with ld(y) ≥ max{ld(x),
N , it suffices to prove the assertion for the point y. Let κ := ld(y). Let { U n : n ∈ N } be a decreasing local base in the completion at the point y such that d(U n ) = κ for all natural numbers n. Let D = n∈N D n be a σ-grid in the space X. Fix a natural number n. The set D ∩ U n is a dense σ-subgrid of the set U n . By Lemma 2.4, we have |D ∩ U n | = κ. The sets D m increase with the index m, and sup m |D m ∩ U n | = κ.
There is a sequence m n ∞ n=1 of natural numbers such that the cardinal numbers κ n := |D mn ∩ U n | are nondecreasing with the index n, and sup n κ n = κ: If there is a sequence m n ∞ n=1 of natural numbers such that |D mn ∩ U n | = κ for all natural numbers n, take κ n := |D mn ∩ U n |. Thus, assume that there is no such sequence. Since the sets U n decrease with the index n, we have |D m ∩ U n | < κ for all but finitely many natural numbers n, and all natural numbers m. Removing the first few sets U n , we assume that the inequality |D m ∩ U n | < κ holds for all natural numbers n, and m. For each natural number n, there is a natural number m n such that the cardinal number κ n := |D mn ∩ U n | is greater than the cardinal numbers |D n ∩ U 1 |, and κ n−1 .
Since the cardinal numbers κ n are nondecreasing with the index n, we have
Define a monotone map
As in the previous case, the sets D mn ∩ U n are subgrids for all natural numbers n, and thus the map ψ is well defined and cofinal. Then PK(X)
Lemma 2.13. Let X be a metric space whose completion is not locally compact. Let κ be the local density of the completion of the space X, λ be its cofinality, and κ α α<λ be an increasing sequence of cardinal numbers with supremum κ.
Proof. The proof generalizes the proof of Proposition 2.5. There is a subgrid of cardinality λ: Let D = n∈N D n be a σ-grid. Since X is nonprecompact, by Lemma 2.2(2), there is a countably infinite subgrid. Thus, if λ is countable, we are done. Assume that λ is uncountable. If λ < d(X), then by Lemma 2.4, there is a natural number k such that |D k | > λ. If λ = d(X), then λ ≥ ld(X) = κ, which implies that the cardinal number κ is regular. Then there is a natural number k such that
N be a monotone cofinal map. By Lemma 2.2(1), for each precompact set P in X, there is a finite set F (P ) ⊆ λ such that P ∩ A = { a α : α ∈ F (P ) }. Define a map
The map ψ is monotone: Fix precompact sets P and P ′ in X such that P ⊆ P ′ , and a natural number n. Then F (P ) ⊆ F (P ′ ), and
Thus, ψ(P ) ≤ ψ(P ′ ). The map ψ is cofinal: Fix a function f ∈ Bdd(Fin(κ) N ). There is an ordinal number β < λ such that f ∈ Fin(κ β ) N . Then there is a precompact set P in X such that f ≤ ψ β (P ). The set P ′ := P ∪ {a β } is precompact in X. For each natural number n, we have
Thus, f ≤ ψ(P ′ ).
Proof of Theorem 2.10.
(1) Let λ be the cofinality of ld(X). Since the cardinal number ld(X) is uncountable, and each compact metric space is separable, there is a set { x α : α < λ } of points of the completion with no compact neighborhoods such that the sequence ld(x α ) α<λ is increasing, with supremum ld(X). By Lemmata 2.12 and 2.13, we have PK(X) Bdd(Fin(ld(X)) N ). By Proposition 2.5, we have PK(X) Fin(d(X)) × Bdd(Fin(ld(X)) N ). Apply Lemma 2.11(2). (2) Assume that the local density of the completion is realized. There is a point x in the completion with ld(x) = ld(X). By Proposition 2.5 and Lemma 2.12, we have
N . Apply Lemma 2.11 (1) . If the local density of the completion is not realized, and its cofinality is uncountable, apply (1) and Lemma 2.8.
Inner characterizations.
The results of this section can be stated in an inner manner, that is, directly in terms of properties of the metric space X, without consideration of its completion. This is done in the following proposition, whose straightforward proofs are omitted. Definition 2.14. Let X be a metric space. A local base trace in X is a family of open sets whose members are the traces, in X, of the elements of a local base in the completion of the space X. Proposition 2.15. Let X be a metric space.
(1) A family of open sets in the space X is a local base trace if and only if every finite intersection of members of this family contains the closure of some member of the family, and the diameters of the sets in the family are not bounded away from 0. (2) The local density of the completion of the space X is equal to the supremum of the cardinal numbers min{ d(U) : U ∈ U }, for the local base traces U in the space X. (3) The completion of a metric space is locally compact if and only if every local base trace in that space contains a precompact set. (4) The local density of the completion of a metric space X is realized if and only if the local density of the completion is equal to the cardinal number min{ d(U) : U ∈ U }, for some local base trace U in the space X.
Compact sets
For a topological space X, let K(X) be the family of compact subsets of the space X.
Proposition 3.1. Let X be a noncompact metric space. Then K(X) Fin(d(X)).
Proof. There is a countably infinite closed discrete set in the space X. Proceed as in the proof of Proposition 2.5. (2) For a complete metric space X, we have K(X) ≈ PK(X): From the set PK(X) to the set K(X), we take the map P → P . In the other direction, we take the identity map. Apply Theorem 2.10.
Corollary 3.3. Let X be a complete metric space that is not locally compact, with d(X) = ld(X). If the local density of the space X is realized, or its cofinality is uncountable, then
Let X, Y be topological spaces, K be a compact set in the space X, and U be an open set in the space
Lemma 3.4. Let X be a Tychonoff space, and G be a topological group. If the sets K and U are cofinal in the sets K(X) and N (G), respectively, then K × U N (C(X, G)).
Proof. The map (K, U) → [K, U], from the set K × U into the set N (C(X, G)), is monotone and cofinal. Proposition 3.5. Let X be a nonempty Tychonoff space, and G be a topological group containing an arc. Let K and U be directed subsets of the sets K(X) and N (G), respectively. If the set B := { [K, U] : K ∈ K, U ∈ U } is cofinal in the set N (C(X, G)), then B ≈ K × U, and the sets K and U are cofinal in the sets K(X) and N (G), respectively.
In order to prove Proposition 3.5, we need the following results. Lemma 3.6. Let X be a Tychonoff space, and Y be a topological space. Let K, and C be compact sets in the space X with C = ∅, and U,and V be open sets in the space (2) Let a ∈ A ∩ U, and b ∈ A \ V . Suppose that there is an element x ∈ C \ K. Since the set A is homeomorphic to the unit interval, there is a function f ∈ C(X,
Lemma 3.7. Let (P, ≤) be a directed set, and q ∈ P . Then P ≈ { p ∈ P : q ≤ p }, the cone of all elements above the element q.
Proof. The map ψ : P → { p ∈ P : q ≤ p } defined by
for all elements p ∈ P , is monotone and cofinal. In the other direction, take the identity map.
Proof of Proposition 3.5. From the set K × U to the set B, take the map
Take an arc A in the group G, containing the identity element 1 G of the group G. Since the set B is cofinal in N (C(X, G)), there are a nonempty set L ∈ K, and a set W ∈ U with A ⊆ U. By Lemma 3.7, we have
By Lemmata 3.6 and 3.7, we have
Thus assume that the sets K, U, and B are equal to the cones just defined.
Define a map ψ :
By Lemma 3.6, the map ψ is well defined and monotone. The map ψ is cofinal: Let
By Lemma 3.6, we have C ⊆ K and U ⊆ V . The set K × U is the image of the map ψ, which is cofinal in the set K(X) × N (G). Thus, B K × U, and the sets K and U are cofinal in the sets K(X) and N (G), respectively. Theorem 3.8. Let X be a complete metric space that is not locally compact, with d(X) = ld(X). Let G be a metrizable topological group. Assume that the local density of the space X is realized, or its cofinality is uncountable.
(1) The topological group C(X, G) has a Fin(d(X)) N -base. (2) If the group G contains an arc, then the group C(X, G) has a local base at the identity element that is cofinally equivalent to Fin(d(X))
Since the group G is metrizable, we have N (G) ≈ Fin(ω). By Lemma 3.4, we have
(2) Let κ := d(X), and B : and B N (C(X, G) ).
Remark 3.9. Theorem 3.8 remains true if we consider a topological group G with a cofinal set U in N (G) such that U ≈ Fin(λ) or U ≈ Fin(λ) N for some cardinal number λ ≤ d(X).
Cofinality
Theorem 2.6 implies the following result.
Corollary 4.1. Let X be a nonprecompact metric space with a locally compact completion. Then cof(PK(X)) = d(X).
When the completion is not locally compact, we need to estimate the cofinality of the partially ordered set Fin(κ)
N . This cofinality can be expressed by well-studied set theoretic functions [4, Section 8] . The introductory material in this section is adapted from an earlier paper [19] . For an infinite cardinal number κ, let [κ]
ℵ 0 be the family of all countably infinite subsets of κ. Let c be the cardinality of the continuum. Let
, and the cofinality of the cardinal number d is uncountable [2] . ℵ 0 ) = κ + for all uncountable cardinal numbers κ of countable cofinality. The Generalized Continuum Hypothesis implies SSH, but the latter axiom is much weaker, being a consequence of the absence of large cardinal numbers. 
for each prescribed ordinal number γ with 1 ≤ γ < ℵ 1 .
Theorem 4.5. Let X be a metric space whose completionX is not locally compact.
Proof. If the local density of the completion is realized, apply Theorem 2.10(2). Thus, assume that the local density of the completion is not realized.
Lemma 4.6. Let κ be a cardinal number. Then
Proof. For each ordinal number α < κ, let Y α be a cofinal set in Fin(α) N of cardinality cof Fin(α)
N . The set α<κ Y α is cofinal in Bdd(Fin(κ) N ), and thus
By Theorem 2.10(1), we have
Since ld(X) ≤ d(X) = d(X), we are done.
By Theorem 2.10 and Lemma 2.13, we have the following corollary.
Corollary 4.7. Let X be a metric space whose completionX is not locally compact.
If the local density of the completionX is realized, or its cofinality is uncountable, then
Theorem 4.8. Let X be a complete metric space.
(1) If the space X is noncompact and locally compact, then cof(K(X)) = d(X).
(2) If the space X is not locally compact, then
(1) Apply Theorem 3.2.
(2) Apply Theorem 4.5.
Corollary 4.9. Let X be a complete metric space that is not locally compact. Assume that the local density of the space X is realized, or has uncountable cofinality. Then:
Proof. 
On the other hand, we have
Weight
Theorem 5.1. Let X be a complete nondiscrete noncompact metric space, and G be a topological group containing an arc.
(1) If the space X is locally compact, then
We prove Theorem 5.1 using the following notions and observations. The character χ(G) of a topological group G is the minimal cardinality of a local base in the group G. The boundedness number b(G) of a topological group G is the minimal cardinal number such that, for each open set U in G, there is a set S ⊆ G of cardinality b(G) with S · U = G.
Lemma 5.2. Let t∈T G t be a Tychonoff product of topological groups. Then
Proof. Let U be a basic open neighborhood of the identity element in the group t∈T G t . For each index t ∈ T , let 1 t be the identity element in the group G t . There are a finite set F ⊆ T , and for each index t ∈ T , an open neighborhood U t of the element 1 t such that U = t∈F U t × t∈T \F G t . For each index t ∈ T , let S t be a subset of the group G t of cardinality b(G t ) such that S t · U t = G t . We have ( t∈F S t × t∈T \F {1 t }) · U = t∈T G t , and
For each index t ∈ T , the group G t is a subgroup of the group t∈T G t . Thus [4, Lemma 2.9], sup t∈T b(G t ) ≤ b( t∈T G t ).
Recall from the introduction that the compact weight of a topological space is the supremum of the weights of its compact subsets.
Lemma 5.3. Let X be a Tychonoff space of compact weight κ, and G be an infinite topological group.
(
(2) If the group G contains an arc, then b(C(X, G)) ≥ κ. In particular, if the group G contains an arc and w(G) ≤ κ, then b(C(X, G)) = κ.
Proof. (1) The group C(X, G) is topologically isomorphic to a subgroup of the group
is a topological isomorphism onto its image. Since the group C(X, G) is embedded in the group K∈K(X) C(K, G), we have w(K) = w(G) · κ.
(2) Let A ⊆ G be an arc containing the identity element 1 G of the group G. Take a symmetric open neighborhood W of 1 G such that A\W 2 = ∅. Let K be a compact set in X. Let S ⊆ C(X, G) be a set of cardinality b(C(X, G)) such that S ·[K, W ] = C(X, G).
The family B := { f −1 [W ] ∩ K : f ∈ S } is a base for the topological space K: Let U be an open neighborhood in the space X of a point y ∈ K. Let a ∈ A \ W 2 . Since the set A is homeomorphic to the unit interval, and 1 G , a ∈ A, there is a function g ∈ C(X, G) such that g[X \ U] = {a} and g(y) = 1 G . Since S · [K, W ] = C(X, G), there is a function f ∈ S such that g ∈ f · [K, W ]. Letf be the inverse element of the element f in the group C(X, G). We havef · g ∈ [K, W ]. Since g(y) = 1 G , we havẽ f (y) =f (y)·1 G =f (y)·g(y) = (f ·g)(y). Thusf (y) ∈ W , and y ∈f −1 [W ]∩K. Assume that there is an element x ∈ (f −1 [W ] ∩ K) \ U. Thenf (x) · a =f (x) · g(x) = (f · g)(x), and thus the elementf (x) · a belongs to the set W . Sincef (x) ∈ W and the set W is symmetric, we have a ∈ W 2 , a contradiction. Thus,f −1 [W ] ∩ K ⊆ U. We conclude that b(C(X, G)) = |S| ≥ |B| ≥ w(K).
Proposition 5.4. Let X be a Tychonoff space, and G be a topological group containing an arc. Then χ(C(X, G)) = cof(K(X)) · χ(G).
Proof. By Lemma 3.4, we have χ(C(X, G)) ≤ cof(K(X)) · χ(G). Let K and U be directed subsets of the sets K(X) and N (G), respectively, such that the set { [K, U] : K ∈ K, U ∈ U } is cofinal in the set N (C(X, G)), of cardinality χ(C(X, G)). By Proposition 3.5, we have cof(K(X)) ≤ |K|, and χ(G) ≤ |U|. Thus, cof(K(X)) · χ(G) ≤ χ(C(X, G)). Corollary 5.5. Let X be a complete metric nondiscrete noncompact space, and G be a second countable topological group containing an arc.
(1) If the space X is locally compact, then w(C(X, G)) = d(X). Remark 5.6. For a metric space X, let A(X) be the free abelian topological group generated by the space X. Let A(X) be the dual group to the group A(X). Let T be the one-dimensional torus. By results of Pestov [18, Proposition 7] , and GalindoHernańdez [10, Theorem 2.1], the topological group A(X) is topologically isomorphic to C(X, T). Thus, Theorem 3.8 and Corollary 5.5 apply to the group A(X).
